We calculate the de Haas-van Alphen (dHvA) effect waveform using the canonical ensemble for different Fermi surface scenarios applicable to the underdoped cuprate superconductor YBa2Cu3O6.5, in which quantum oscillations have recently been observed. The harmonic content of the dHvA waveform of the principal Fα ∼ 500 T frequency is consistent with the existence of a second thermodynamically dominant section of Fermi surface that acts primarily as a charge reservoir. Oscillations in the charge density to and from this reservoir are shown to potentially contribute to the observed large quantum oscillations in the Hall resistance.
We calculate the de Haas-van Alphen (dHvA) effect waveform using the canonical ensemble for different Fermi surface scenarios applicable to the underdoped cuprate superconductor YBa2Cu3O6.5, in which quantum oscillations have recently been observed. The harmonic content of the dHvA waveform of the principal Fα ∼ 500 T frequency is consistent with the existence of a second thermodynamically dominant section of Fermi surface that acts primarily as a charge reservoir. Oscillations in the charge density to and from this reservoir are shown to potentially contribute to the observed large quantum oscillations in the Hall resistance. Layered electronic structures are known to be favorable for unconventional superconductivity in several families of compounds [1, 2, 3] . The quasi-two-dimensional Fermi surfaces of layered systems also yield magnetic quantum oscillations notably different from those in conventional three-dimensional metals. When the interlayer hopping energy of the quasiparticles t c becomes less than the cyclotron energyheB/m * , increased Landau level degeneracy causes the quantum oscillations to depart from the Lifshitz-Kosevich (LK) theoretical form [4] . The extent to which the chemical potential oscillates plays a central role in determining the de Haas-van Alphen (dHvA) waveform [5, 6, 8] . In effect, chemical potential oscillations become a valuable tool for probing the thermodynamic mass of additional Fermi surface sections [6, 7] through their effect as a 'charge reservoir,' and have been shown to play an important role in layered organic metals [7, 9, 10] . In this paper, we propose twodimensionality to play an equally important role in determining the dHvA waveform and Hall resistance oscillations in underdoped cuprate superconductors [11, 12, 13] . Importantly, the extent to which the chemical potential oscillates can help distinguish between Fermi surface scenarios consisting of an isolated pocket or of multiple sections.
The motivation for this study stems from the recent observation of a possible harmonic and second dHvA frequency in YBa 2 Cu 3 O 6.51 [11] . These features are discernible in Fig. 1 on performing a Fourier transform after subtracting a damped sinusoidal fit to the dominant F α ∼ 500 T component [11] . The lower frequency in Fig. 1 is twice F α , which is consistent with it being the harmonic F 2α . Furthermore, on fitting the entire dHvA waveform to a sum A = i A i sin(2πF i /B + φ i ) exp(−Γ i /B) over frequencies i in Fig. 2a , the F α and F 2α oscillations can be seen cross through zero at similar values of the magnetic field− thus exhibiting the key distinguishing feature of the dHvA effect in a twodimensional metal [14] .
To model the dHvA oscillations in YBa 2 Cu 3 O 6.51 [11] , we therefore consider simplified quasi-two-dimensional FIG. 1: dHvA oscillations suffer diffraction when Fourier transformed over a finite interval in magnetic field, with the side lobes sometimes interfering destructively with less prominent features. This situation can be remedied by subtracting fits to prominent features, such as the Fα ∼ 500 T frequency [12] , prior to Fourier analysis. The black curve shows the result of such a procedure, yielding frequencies F2α and F β . The red curve shows the same region of the Fourier transform prior to subtraction while the cyan curve shows the residual after subtracting fits to all three frequencies.
for each Fermi surface section, where η i = +1 for electrons and −1 for holes, c is the interlayer spacing and t c,i ≪ eB/m * i . A large magnetic field along z causes the density-of-states for each section
to become a series of Landau tubes ν where ε [5, 7] . Here, ∆ε i represents a possible splitting of the Landau levels caused by Zeeman splitting [15] , bilayer splitting or t c,i [16] . Scattering from random defects and impurities is assumed to broaden the Landau tubes into Lorentzians of width 2Γ i =h/τ i [17] .
Since the model treats values of t c,i ≪ eB/m * i , the entire Fermi surface contributes to the dHvA effect, requiring the magnetization M = −∂H F /∂B| N,T to be cal- culated numerically using the multiband canonical ensemble [5, 6, 7, 8] . The free energy is given by
−1 dε, requiring the chemical potential µ to be determined by fixing the total number of particles [18] ,and m * α = 1.9 m e [12] , ∆ε α = 0 and τ
. The scenario depicted in Fig. 2b corresponds to that of an isolated pocket (or two or more symmetry related pockets) with no charge reservoir present (i.e. m * res = 0,see Refs. [12, 20, 21, 22] ). However, on comparing Figs. 2a and b, the amplitude of the F 2α frequency is this scenario can be seen to have the opposite sign of that observed experimentally [23] . In contrast, an additional charge reservoir of thermodynamic mass m * res > ∼ m * α (e.g. Fig. 2d ) can lead to simulated F 2α oscillations with the same sign as the experimental data. Figure 3 shows the harmonic ratio M 2α /M α for the same average field interval as in Fig. 2 plotted for a variety of τ values. A precise estimate would require measurements at magnetic fields µ 0 H ≫ µ 0 H c2 ∼ 60 T [11] . Since the contribution to τ −1 from the vortex state is magnetic field-dependent [24] , estimates made from the gradient of a simple Dingle plot below H c2 typically over estimate the total extent of the scattering [11] . The value τ
12 s −1 obtained from such an analysis [11, 13, 17] therefore can only be regarded as an upper bound (rightmost dotted line in Fig. 3) . A lower bound estimate can be obtained from the extent to which the oscillations are damped between the end limits of the interval in magnetic field over which experiments are performed. From the oscillations of Jaudet et al. [13] measured between ∼ 30 and 60 T, we obtain a lower bound of τ −1 α ≈ 2 × 10 12 s −1 (leftmost dotted line in Fig. 3 ). The region bounded by the dotted lines and by the uncertainty in the experimental harmonic ratio of M 2α /M α = -0.03 ± 0.01 therefore provides us with the permissible range of parameters for modeling the dHvA effect, roughly corresponding to τ and m * res /m * α > ∼ 1.5. Based on the above comparisons, rather than existing in isolation, the α pocket appears to coexist with a charge reservoir of thermodynamically greater mass. Open (or quasi-one-dimensional) Fermi surface sections originating from the Cu-O chains or from Fermi surface reconstruction by a collinear density-wave ordering with Q = (π, (1 ± 2δ)π) [25] provide potential candidates for a uniform reservoir of the type necessary to generate a waveform like that in Fig. 2a . This would then require the F β oscillations to be the product of magnetic breakdown tunneling [11] .
An alternative possibility is that the reservoir is composed of closed Fermi surface pockets of significantly greater thermodynamic mass or scattering rate than the α pocket so as to appear as relatively weak features in the dHvA signal. With its heavier effective mass of m * β ≈ 3.8 m e , the F β frequency in Fig. 2a (reproduced in Fig. 4a ) could correspond to this reservoir. A simulation including both α electron and β hole pockets in Fig. 4b with similar frequencies and effective masses to those reported in Ref. [11] can produce absolute amplitudes in similar proportions to those in Fig. 4a on setting τ
12 s −1 and τ −1 β = 3.1 × 10 12 s −1 . However, agreement with the sign of the observed β frequency oscillations and the magnetic field dependence of its amplitude requires an additional effect, potentially provided by a fixed splitting term ∆ε β = 0.84 meV we introduce into the simulation in Fig. 4c (also using τ
. This splitting could correspond to effects such as an interlayer tunneling t c,β = 0.42 or residual bilayer splitting [11] . Such a value for ∆ε β would give rise to a beat with nodes at ∼ 18 and 55 T− presently outside the field range of the torque experiments. The reduction in the amplitude of the F β oscillations with increasing field in YBa 2 Ba 3 O 6.50 [11] could be consistent with a node at higher magnetic fields.
Another proposed scenario, corresponding to reconstruction of the Fermi surface by Q = (π, π), consists of hole pockets situated at k = (π/2, π/2) of nearly double the k-space area and frequency of proposed electron α pockets situated at k = (π, 0) [26] . Since there are two hole pockets for every electron pocket in this scenario (therefore contributing twice as much to the dHvA signal and thermodynamic mass), the effective mass or scattering rate of the hole pocket would need to be several times that of the α pocket in order for its amplitude to be so much weaker in the experiment (e.g. requiring m * > ∼ 6 m e or τ −1 > ∼ 7 × 10 12 s −1 ). Quantum oscillations in the Hall resistance [12] could provide further clues as to the nature of the charge reservoir. Doiron-Leyraud et al. [12] find quantum oscillations that are a proportionately larger fraction of R xy than R xx , suggesting a possible dominant oscillatory contribution to the Hall resistivity from oscillations in the carrier density N α (and that of the reservoir) rather than σ xx or σ yy [28] . Oscillations in the carrier density result from the oscillatory flow of charge back and forth between the pocket and the reservoir given by N α − N res , where
−1 dε and N res = N res,0 − N α + N α,0 and N i,0 refers to the non os- [12, 13] . The data have been rescaled by an exponential factor e −γ/B to facilitate comparison. (b)The Hall resistivity due to Nα and Nres calculated using a two band model (assuming the α pocket to be electron-like) with non-oscillatory Drude conductivities determined by transport scattering rates as indicated. The black, red and blue curves have been renormalized by 42.2, 12.0 and 2.3 respectively. The inset shows a Fourier transform of Nα for 47 < µ0H < 62 T (roughly corresponding to the experimental range [12] ) for a reservoir consisting of a closed pocket (β) using the parameters as used in Fig. 4c . Consistent with Hall resistance experiments, the β frequency is not a prominent feature in Nα.
cillatory zero field values. Consistent with a dominant oscillatory carrier density contribution [27] , the phase of the oscillations in the experimental Hall resistance [12] and magnetic torque [13] are aligned to within ≈ 0.7 ≪ π/2 in Fig. 5a . Figure 5b shows the result of inserting the respective Hall coefficients R α = 1/eN α and R res = 1/eN res into a simple two-band expression for the Hall coefficient
2 on extending the simulations to higher magnetic fields. We neglect oscillations of σ xx = σ yy by assuming simple Drude expressions σ xx,i = eN i,0 τ i,t /m * i , where τ
is the transport scattering rate. The oscillations are strongest (black curve) compared to the background on assuming a uniform transport scattering rate in the model including both α and β pockets from reproduce the reported magnitude of the Hall resistivity [12] . This would require a single isolated α electron pocket with no Kramers degeneracy, the additional presence of a very small much higher mobility electron pocket or a possible vortex liquid contribution [29] .
In summary, by comparing the measured dHvA waveform of YBa 2 Cu 3 O 6.51 with canonical ensemble simulations, the sign of the harmonic of the dominant oscillatory F α contribution suggests the coexistence of the α pocket with a thermodynamically dominant (i.e. heavier mass) charge reservoir. This finding is consistent with the the existence of multiple carrier sections [11, 22] . A simulation including both electron and hole closed pockets in the canonical ensemble appears to consistently explain the main aspects of both the dHvA waveform and the phase of the oscillatory Hall resistance on allowing for small adjustments in the transport scattering rates. In-situ measurements of magnetization and Hall resistivity should ultimately enable the relative contributions of the carrier density and diagonal conductivity to be better resolved.
